Abstract. We show that the spectrum of complete minimal submanifolds properly immersed in a ball of R n are discrete. In particular, the Martin-Morales complete minimal surfaces properly immersed in a ball of R 3 have discrete spectrum. This gives a partial answer to a question of Yau [19] .
Introduction
Let M be a complete noncompact Riemannian manifold. The Laplacian △ acting on C ∞ 0 (M ) has a unique self-adjoint extension to an unbounded operator acting on L 2 (M ), also denoted by △, whose spectrum Σ ⊂ [0, ∞) decomposes as Σ = Σ p ∪ Σ ess where Σ p is the pure point spectrum formed of finite multiplicity eigenvalues and Σ ess is the essential spectrum formed by accumulation points of the spectrum or the eigenvalues with infinity multiplicity. An important aspect of the theory are the relations between the spectrum Σ and the geometry of M . Particularly, those geometric conditions that shows that Σ p = ∅ has been intensively studied, see [4] , [8] , [10] , [18] , [20] . On the other hand, geometric conditions on a complete noncompact Riemannian manifold to ensure that the Laplacian has pure point spectrum Σ = Σ p are lesser known. One is given by Donnelly and Li in [6] with the following theorem. Let M be a complete noncompact Riemannian manifold,
is the sectional curvature of the 2-dimensional subspace π ⊂ T x M . Theorem 1.1 (H. Donnelly -P. Li). Let M be a complete noncompact simply connected Riemannian manifold with negative sectional curvature. If κ(r) → −∞ as r → ∞ then △ has pure point spectrum, i.e. Σ ess (M ) = ∅.
In this paper we are interested in the spectrum of complete minimal surfaces of R 3 . Specifically, we would like to known if there are complete minimal surfaces in R 3 with pure point spectrum. Observe that we can not apply Donnelli-Li's theorem since by the Hilbert-Efimov Theorem [7] there are no complete surfaces in R 3 with negative sectional curvature and κ(r) → −∞ as r → ∞. Nevertheless, it is believed 1 that the example of Nadirashvili [16] of a complete bounded minimal surface M ⊂ R 3 has pure point spectrum, since it has negative sectional curvature K M < 0 with inf M K M = −∞. The Nadirashvili's examples inspired new and more involved examples of complete bounded minimal surfaces, for instance Lopez-Martin-Morales added handles to Nadirashvili minimal surfaces in [11] and in [12] they constructed complete non-orientable bounded minimal surfaces in R 3 . In [13] , Martin and Morales proved a remarkable theorem, they prove existence of complete minimal surfaces properly immersed in any convex subset of B ⊂ R 3 . In particular B can be a ball B R 3 (1) or a cylinder B R 2 (1) × R. We call such surfaces as the Martin-Morales minimal surfaces. We can not show that the spectrum of a Nadirashvili minimal surface is discrete, however we can show that for Martin-Morales complete minimal surfaces immersed in a ball.
Theorem (1.3) is a corollary of the following slightly more general result.
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2. Proof of Theorem 1.4.
Decomposition Principle.
The proof of Theorem 1.1. is a clever use of the Decomposition Principle that we describe now, following Donnelly-Li in [6] . Let M be a complete noncompact Riemannian manifold. The △ the unique self-adjoint extension of the Laplacian action on L 2 (M ). If K ⊂ M is a compact manifold with boundary, of the same dimension as M then there is a self-adjoint extension △ ′ of the Laplacian of M \ K by imposing Dirichlet conditions.
The Decomposition Principle says that △ and △ ′ have the same essential spectrum Σ ess (M ) = Σ ess (M \ K). On the other hand, the fundamental tone of an open subset Ω ⊂ M given by
is the bottom of the spectrum of Ω. In particular inf Σ(M \ K) = λ * (M \ K). When the manifold M is simply connected and has negative sectional curvature then he distance function to a fixed point is smooth (except at p). The proof of McKean's Theorem given in [2] can be applied to show that λ * (M \B M (r)) ≥ (n−1) −κ(r)/4, where B N (r) is the geodesic ball of radius r and center at p. Therefore we have that inf Σ ess (M ) ≥ (n − 1) −κ(r)/4 for every r > 0. This is says that Σ ess (M ) = ∅. This is the proof of Theorem 1.1 DonnellyLi presented, except the fact that lower bound for λ * (M \ B M (r)) they used Cheeger's inequality, [3] .
The proof of Theorem 1.4. follows the same steps. We let ϕ : M ֒→ B R n (1) be a complete properly immersed minimal m-submanifold. Let r i → 1 be a sequence of positive real numbers 0 < r i < 1. Let K i = ϕ −1 (r i ) be a compact subset of M . By the Decomposition Principle M and M \ K i have the same essential spectrum. To prove Theorem 1.4. we need to show that λ
2.2. Basic Tools. Before we start the proof let us recall few basic facts needed in the sequel. Let ϕ : M ֒→ W be an isometric immersion of a complete m-dimensional Riemannian manifold into a complete n-dimension Riemannian manifold W . Consider a C 2 -function g : W → R and the composition f = g • ϕ : M → R. Identifying X with dϕ(X) we have at q ∈ M that the Hessian of f is given by
Taking the trace in (2.1), with respect to an orthonormal basis {e 1 , . . . e m } for T q M , we have the Laplacian of f ,
Hess g(ϕ(q)) (e i , e i ) + grad g ,
α(e i , e i ) .
The formulas (2.1) and (2.2) are well known in the literature, see [9] . To give a lower bounds for λ * (M \ K i ) we will apply a well known result called Barta's Theorem stated below.
Theorem 2.1 (Barta).
Let Ω ⊂ M be a bounded domain with piecewise smooth boundary boundary ∂Ω in a Riemannian manifold and let f ∈ C 2 (Ω), f |Ω > 0 Then
Remark 2.2. Let {Ω i } be an exhaustion sequence of a compete Riemannian manifold M by bounded domains with piecewise smooth boundary.
Theorem and Remark 2.2. we have that λ
Hess R nṽ(ϕ(y))(e i , e i ) + gradṽ ,
Hess R nṽ(ϕ(y))(e i , e i ).
Let us write R n = [0, ∞) × S n−1 with metric dt 2 + t 2 dθ 2 . These are the polar coordinates (t, θ) → tθ of R n \{0}. We have at the point ϕ(y) an orthonormal basis {∂/∂t, ∂/∂θ 1 , . . . ∂/∂θ n−1 }. We may choose an orthonormal basis for T y (M \K i ) of the following type e 1 = e 1 , ∂/∂t ∂/∂t+ e ⊥ 1 , where e ⊥ 1 ⊥ ∂/∂t and {e 2 , . . . , e m } ⊂ {∂/∂θ 1 , . . . ∂/∂θ n−1 }. Computing Hess R nṽ(ϕ(y))(e i , e i ) we have.
where t = |ϕ(y)|. Thus
3. Generalization of Theorem 1.4.
In this section we consider a class of complete submanifolds of the Euclidean space R n where the proof we presented for Theorem 1.4 is still valid. For instance, consider isometric immersions ϕ : M ֒→ B R n (1) × R k , k + 1 < m, of a complete m-dimensional Riemannian manifold M with the following two properties.
1. For every r < 1, the set ϕ
is norm of the mean curvature vector of ϕ(M ) at ϕ(x).
be an isometric immersion of a complete m-dimensional Riemannian manifold M satisfying properties 1. and 2. Then the spectrum of M is discrete, i.e. Σ ess (M ) = ∅.
Sketch of Proof.
As before, take a sequence r i → 1, r i < 1 and the compacts sets
We need only to show that λ
Hess R n+kṽ(ϕ(x))(e i , e i ) +ṽ
At ϕ(x) = (y 1 , y 2 ) consider the orthonormal basis
Choose an orthonormal basis {e 1 , e 2 , . . . , e m } as follows.
We have that Hess R n+kṽ(ϕ(y))(e i , e i ) =ṽ
2 , where t = |ϕ(y)|. Therefore (3.1)
Hence λ * (M \ K i ) ≥ inf(−△f /f ) ≥ 1 (1 − r i ) · ǫ r i → ∞ as r i → 1. These domains include all convex domains and all bounded domains with smooth boundary.
